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ESSENTIAL NORMS AND WEAK COMPACTNESS OF 
INTEGRATION OPERATORS BETWEEN WEIGHTED 
BERGMAN SPACES 

SANTERIMIIHKINEN, PEKKA J. NIEMINEN, AND WEN XU 


Abstract. We consider Volterra-type integration operators Tg between 
Bergman spaces induced by weights satisfying a doubling property. We 
derive estimates for the operator norms, essential and weak essential 
norms of Tg : Af, ^ A^, 0 < p < q < oo. In particular, the opera¬ 
tor Tg : A^ is weakly compact if and only if it is compact. 


1. Introduction 

Let D be the unit disk in the complex plane and T be the boundary of D. 
Let //(D) be the algebra of all analytic functions in D. For g 6 //(D), we 
consider the generalized Volterra integration operator Tg defined by 

Tgif)(z)= CrngiOdC zeD 

Jo 

for / 6 //(D). The main purpose of the paper is to derive estimates for the 
operator norms and essential norms of Tg : ^ A^, 0 < p < q < oo, as 

well as weak essential norms of Tg on where Aj^ is the Bergman space 
induced by co in the class D which consists of radial weights satisfying the 
doubling property a>(s)ds < C oj(s)ds with C = C(a») > 0. Essential 

norms of Tg between classical weighted Bergman spaces have been esti¬ 
mated by Rattya in [fT^ for 1 < p < q < oo. Later essential norms of Tg on 
Hardy spaces, BMOA and the Bloch space have been investigated in [|710. 

Let X and Y be complete metric spaces. For a bounded linear operator 
T : X —> Y, the essential norm (resp. weak essential norm), denoted by 
l|T||e,z^y ( resp. \\T\\w.x->y), is the distance of T (in the operator norm) from 
the closed ideal of compact operators (resp. weakly compact operators) 
K : X ^ Y. Here an operator ^ : A ^ 7 is weakly compact if K{B) 
is compact in the weak topology of Y, where B is the unit ball of X. If 
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either X or 7 is reflexive, then every bounded operator T : X —> 7 is 
weakly eompaet. Sinee is nonreflexive, there are bounded operators on 
AI whieh are not weakly eompaet. If has so-ealled Sehur property, i.e. 
weakly eonvergent sequenees in A^ are also norm eonvergent, then the elass 
of weakly eompaet operators on eoineides with the elass of eompaet 
operators on A^. We do not know if this is the ease, therefore we also 
eonsider the weak eompaetness of the operator Tg on A^. 

There are some previous results on the weak eompaetness of Tg. For ex¬ 
ample, it has been shown in [|7|| that the eompaetness and weak eompaetness 
of the operator Tg are equivalent on Hardy spaee and BMOA. In the ease 
of BMOA a different proof of this faet was obtained in an independent work 
of Blaseo et al. using different teehniques. 

The presenee of large elass of weights in our setting brings its own dif- 
fieulties whieh were not present in the previous works eoneerning essential 
norms of operator Tg. For example, Littlewood-Paley type formula is usu¬ 
ally used to get rid of the integral in the definition of Tg. However, there is 
no sueh formula in general for Af,, to e D unless p = 2, see [[HI Chapter 
4]. In order to eireumvent this problem we had to use different equivalent 
norms inherited from the theory of Hardy spaees, see [[m Chapter 4]. 

For eaeh radial weight to, its associated weight to* is defined by 

= r ^^(■^)'5'log ^.ds, z e D \ {0}. 

Jkl Izl 

For or > 1 and to eD, the spaee C“(m*) eonsists of g G //(D) sueh that 


II.?IIC“( 6 ;*) = lg( 0 )| -H < OO, 


where 


ll.?lka,w = sup 

IcT 


\g'(z)?co*(z)dA(z) 

(oo(S(IW 


is a seminorm on C“'(to*), S(I) = {re'® G D : e'® G /, 1 - j/j < r < 1} is 
the Carleson square assoeiated with / c T, \E\ is the Lebesgue measure of 
£■ c T and to(S (/)) = T,,, to{z)dA{z). We assoeiate eaeh a g D \ {0} with the 

interval 4 = : I arg(ae“'®)| < and denote S{a) = 5(4). The spaee 

C^ito*) eonsists of g G //(D) sueh that 


lim sup 

|/H0 


lg'(z)l^to*(z)dA(z) 
M5 (/)))“ 


= 0 . 


Throughout the paper the notation A < B indieates that there is a eonstant 
c independent of said or implied variables or funetions sueh that A < cB. 





ESSENTIAL NORM 


3 


If A < B and B < A, we write A — B and say that A and B are equivalent 
quantities. 

The next result is a generalization of a part of Theorem 4.1 in [fTTlI for the 
weights in the elass D. 

Theorem A. Let 0<p<q<oo, a = 2(j + coeD and 

g e //(D). Then Tg : A^ A^ is bounded if and only if g e C“{(x)*). 

Below are our main results. The first result is a quantitative extension of 
Theorem lAl 

Theorem 1. Let 0<p<q<oo, ojeD, a = 2(- - -) + 1 and g e 

P ^ 

Then there exists q = q{co) > 1 large enough such that the following 
quantities are comparable: 


WTgWj^P 


ll^ll 


— sup 

/CT 


£(;) \g'{z)\^o)*{z)dA{z) 


B = sup 


asD 


X(^^(5(a))(|l 


co{S{I)y 

M \r]\a 


1/2 


az\ 


\g'iz)\^oj*(z)dA(z); 


C = sup |g'(z)l(l - \z\)oj*(zp ~p,p <q. 
Constants of comparison are independent of g. 


Theorem 2. Let 0<p<q<oo, a = 2(- --) + l, - -- <1, meD 

P Q P ^ 

and g e C“(m*). Then there exists q = qioS) > 1 large enough such that the 
following quantities are comparable: 


WTgWey^^Al', 

A = distig, Cq); 


B = lim sup 

|/H0 


\g'{z)?co*{z)dA{z) 


C = lim sup I 

\ci\ —>1“ \ 


oj(s(i)r 

1 / 1 - |a| 


m(5(a)) \|1 -az\ 


1/2 


\g'(z)\^co*(z)dA(z); 


D = limsup|g'(z)|(l - \z\)co*(z)‘f p,p < q. 
IzHO 


Theorem 3. Let oj e D and g e Cfa>*). Then 
\\Tgh,Al-.Al - dist{g,Cl{co*)) 
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^ lim sup 

I/HO 




co(S(I)) 


1/2 




In particular, the operator Tg is weakly compact on if and only if it is 
compact. 


The paper is organized as follows. In seetion 2, we give some preliminary 
results. In seetion 3, the proofs of norm estimates are presented. In seetion 
4, we investigate essential norms between two weighted Bergman spaees 
and weak eompaetness on A^. 


2. Preliminaries 


An integrable funetion a» : D ^ (0, oo) is ealled a weight function or 
simply a weight. For 0 < p < oo and a weight a>, the weighted Bergman 
space stands for the spaee of all funetions / e 11(D) satisfying 

ll/li;. = r lf(z)l^co(z)dA(z) < oo, 

" Jd 


where dA(z) = -dxdy is the normalized Lebesgue area measure on D. For 
co(z) = (1 - |zp)“, -1 < a < oo, is the elassieal weighted Bergman spaee. 
If 1 < p < oo, then II ■ is a norm whieh makes A^ a Banaeh spaee. But if 
0 < p < I, then it is instead || • ||^p whieh is subadditive and used to induee 
the eomplete translation invariant metrie. The operator norm is defined as 
usual 


\\f 




sup u-g. 
/lU^l 


WTgfl 


although in the ease 0 < q < I the quantity || • IU^^a’ a quasi-norm, but 
we make no distinetion between that and the operator norm. 

A weight o) is radial if a)(z) = oj(\z\) for all z 6 D. Let D be the elass of 
radial weights sueh that m(r) = f a)(s)ds satisfies the doubling property, 
that is, there exists C = C(co) sueh that 


co(r) < Cco 


1 -I- r\ 
“ 1 “/’ 


for V 0 < r < 1. 


A radial weight co is ealled regular if ca is eontinuous and satisfies 

— ^1-r, for0<r<l. 
co(r) 


The weight to* is regular if to e D. The elass of regular weights is denoted 
by K. Also, a radial weight to is in the elass of rapidly inereasing weights I 
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if it is continuous and satisfies 


lim — 
(1 


S(r) 


00 . 


r)co(r) 

See [fTTI for more information on elasses I and 'R. 

Reeall that non-tangential regions and the tents are defined by 


r(M) = -^zGD:|0-argz|<-l- 


kl 


e 


\{ 0 }, 


r(z) = {m 6 D : z 6 r(M)}, z G D. 


A simple eomputation shows that m(5(z)) - (i)(T(z)) ^ <u*(z), as |z| —> 1“, 
provided co e D. The maximal funetion related to the measure co(-)dA is 
defined by 


M^mz) 


sup - 

/:,eS(/) COiSiD) 


I 

Js(l) 


\mM^)dA{a ze 


where if/ e L]^. For more information on see IfSlI^fTTII. 

Reeall that for a given Banaeh spaee (or a eomplete metrie spaee) X of 
analytie funetions on D, a positive Borel measure /i on D is ealled a q- 
Carleson measure for X if the identity operator I : X ^ lAip) is bounded. 
Pelaez and Rattya [fTTlI investigated the ^-Carleson measure for Af,, as well 
as the boundedness and eompaetness of the integral operator Tg, where co g 
I yj R. The elasses I and R are eontained in Z). In faet D preserves almost 
all the properties of J U “R and so those statements eoneerning the Carleson 
measures and the integral operators are also true on A^, <o e D. For the 
reader’s eonvenienee, we list some results here and skip proofs. The next 
lemma is essentially Theorem 2.1 and Corollary 2.2 in [fTTI . 


Lemma 1. Let 0 < p < q < oo and to e D, and let p be a positive Borel 
measure on D. Then p is a q-Carleson measure for A^ if and only if 


( 1 ) 


G = sup 


KS(I)) 


/CT {oo(S(IW 


< oo. 


Moreover, if p is a q-Carleson measure for A^, then for all f & A^ 


(2) WfWl, < Gll/ll^,. 

Furthermore, if a G (0, oo) such that pa > 1, then [A/^((-)“)]" : ^ Lj, is 

bounded if and only if p satisfies ([7]) and ||[M(j((-)“)]“||^p , - G. 

^00 ^^p 


Remark 1. The operator f is sublinear, but its norm is defined 

like in the case of a linear operator. 


See ifTTl Theorem 4.2] for the next lemma. 
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Lemma 2. Let 0<p<oo, nsN and f G //(D), and let co be a radial 
weight. Then 


( 3 ) 

and 

( 4 ) 




\f{z)r^\f'izfco*iz)dA(z) + c^(D)|/(0)|^ 





/r(M) 


2n-2 


n—1 


dA(z)\ a>(u)dA(u) + '^\fJ\0)\P, 


7=0 


where the constants of comparison depend only on p, n and co. In particular, 
(5) \\f\t =4||/'||2 +a7(D)|/(0)|2. 


Recall that the non-tangential maximal function of / in the unit disk is 
defined by N(f)(u) = sup^gp(„) l/(z)l, m g D \ {0}. The following equivalent 
norm will be used in our proof also, see ifTTl Lemma 4.4]. 

Lemma 3. Let 0 < p < oo and let co be a radial weight. Then 

IW)lk-ll/Ik, for all f gap. 

Proposition 4.7 in IfTTl also holds for weights in the class D and it states 
that / G C"(m*), O' > 1 if and only if 


MM',r) < 

and / G Cq{co*) if and only if 


X ..X ^ ^ O '—1 

jcofr)) — 
\-r 


0 < r < 1 


MUf,r) = o 


(co*(r)f 
1 -r 


r. 


V ^ ' 7 

Furthermore, the proof of Proposition 4.7 in IfTTl implies that 
Lemma 4. Let 0<a<oo, coeD and g g Then 


(6) limsup|g'(z)|(l - kl)a»*(z) “ = limsup 

IzHU |aHl- 


fsM lg'(z)l^(^*(z)dA(z) 


In the next lemma, we classify spaces C"(m*) and Cg(co*) according to 
how fast the quantity 

mr))^ 

1 -r 

grows as r —> 1“. The proof is straightforward and we omit it. 
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Lemma 5. Let io ^ D, a > \ and 


FaAr) 


ico*(r)y- 

l-r 


re]0,l[. 


Define 

r— 

Then 

(i) Iffi = 0, then Cq(ci>*) = C"(oj*) = {/ 6 f is a constant function}-, 

(ii) If [i g] 0, oo[, then Cq^oj*) = {/ e H(D)\ f is a constant function] and 
C"(a;*) = {/G//(D)|/'G//“(D)}; 

(Hi) Iff = oo, then {/ G //(D)| f G //“(D)} c Cl{co*) c 


A function-theoretic quantity to estimate the distanee of a general C"(a»*)- 
function from C‘^(of) is given by 

Lemma 6. Let oj e D and a > 1. For g e C"(m*), 


dist{g,CQ{(x>*)) - limsup 

|/H0 


fs(j) lg'(z)l^a>*(z)dA(z) 


1 

\2 


, co(s(i)r 

Proof The lower estimate is trivial from the definitions of C"(m*) and (m*). 

For the upper estimate we consider three cases. Let f be the number 
defined in Lemma [51 

Case 1- Assume a > I and f = 0. 

It follows immediately from the ease (i) of Lemma [5] that 


dist(g,C qCuj*)) - limsup 


fs(i) \g'{z)?-co*{z)dA{z) 


co(S{I)Y 


Case 2- Assume a > 1 and f g]0, oo[. 
Define 


] 0 , 1 ] 


Gu,g{t) = sup 

\i\=t 


lg'(z)l^co*(z)dA(z) 


1/2 


oJiSil))^^ 


and G = G^,id- Now dist(g, C"(m*)) = sup,g]o,i] sinee 

Co(m*) = {/ 6 II(B))\ / is a constant function} 
by the case (ii) of Lemma [51 It is enough to show that 


sup Gcj,g(t) < limsupG^,g(t), 

?6]0,1] t —>0+ 


since the direetion 


lim sup G^^g(t) < sup Gt^^g(t) 

t-^0+ ’ f€]0,l] 
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is evident. 

It holds that limsup^^Q.^ G(t) 6]0, oo[, sinee id e C“(co*) \ C“{co*) by the 
case (ii) of Lemma [51 Now 


( 7 ) 


sup G(t) ^ limsupG(0- 

?€]0,1] t —>0+ 


Since g' e we can assume by rotation invariance that there exist 

the non-tangential limit ^'(1) = lim,-^ig'(z) s.t. |g'(l)l > where 

c D is any non-tangential set with vertex at z = 1. Also, there exist 
ro e [0,1[, a Carleson window Sq = S (ro) and a non-tangential set T <z So 
with vertex atz = 1 s.t. |g'(z)| > i||g'||//oo(D) for allz e T andm*(r) ^ m*(5o). 
Let S =5(7) be any Carleson window s.t. |/| < 1 - pq. Choose a Carleson 
window S' = S'(!') c 5o with |/'| = |/| and a non-tangential set T' c S' r\T 
with vertex at z = 1 s.t. a)*(T') ^ a>*(S'). Now we can estimate 


sup > 

t<l-ro 


> 


( fy \g'{z)?u)*{z)dA{z)y 
' jj,\g'{z)?co*{z)dA(z)Y (co*iT') 

J ^ II.? llff“(D) 


1 



ll.?'ll//“’(D) 


0J*{S)Y 

ojisri 


1 

2 


Hence 


sup G^^git) > ||g'||//»(D) sup G(t) 

t<l-ro t<l-ro 


and letting tq ^ 1 we get 


(8) lim sup G^^git) > ||g'll//»(]o) lim sup G(t). 

t-^o+ t-^o+ 

Now by ([7]) and ([8]) we get 

sup G^,g(0 < ||g'll//»=.(D) sup G(t) ^ ||g'l|//»(]o)limsupG(t) < lim sup G^,g(t). 

?6]0,1] ?€]0,1] t —>0+ t —>0+ 

Thus we have established the upper estimate in the case fS g]0, oo[. 

Case 3- Assume a = I or jS = oo. 

Now it holds that 


{/ 6 77(D)|/'e77“(D)}cC'W). 

Set gr{z) = g{rz) for 0 < r < 1. Then gr e C^(a>*). Fix 0 < 6 < 1. Now 
dist(g, Co(m*))^ < limsup||g-g,llc.(^.) 

< lim sup [sup ^ r \g'(z) - rg'{rz)\^oj*{z)dA(z) 

r^l- \\I\>S Js(/) 
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r \g{z)-rg{rz)\^of{z)dA{z) 
i/l «5 a){S{I)Y Jsu) 

= limsup[sup—i— r \g'{z)-rg{rz)?co*{z)dA{z) 

+ limsup(sup—i— r \g'(z)-rg'{ 
r^l- \|/|«5 Oj{S (/))“ Js(I) 


where 


®“P r \g'(z)-rg'(rz)\'^a)*(z)dA(z) < Wg'-igrYWli 

\0) Js(I) 


|/|>(5 <^(S (/))“ Js(I) 

Thus we have 


(rz)\ io*(z)dA(z) , 


0, r —> 1 . 


dist(^, C“(tu*))^ < limsup[sup \ f Ig'(z) - rg' 

r^l- \|/|«5 OJi^ {1)) JSU) 


(rz)\^co*(z)dA(z) 


< 


sup sup , 

>->l- 5\|/|«5 Ul(S(/)) Js(i) 


1 r 

>(/))“ Jsa) 


(z)\'^a)*(z)dA(z) 


+ sup 


1 r 


r^lg'(rz)l^oj*(z)dA(z) 


|/|«5 (/))“ Js(/) 


1 r 

(/))a ^ 

o;; Jsm 


Z^\oj(s(/)r Js(i) 


(z)l^a)*(z)dA(z) 


(9) 


+ sup I sup 

r>l 


1 r 

iw Jsc 


r^jg'(rz)j^oj*(z)dA(z) 1. 


>l-< 5\|/|«5 Oj(S (/))“ Js(/) 

Given an interval / c T, let e‘^° e I be the eenter point of 7 and define a 
Carleson window 

S'(I) = {re‘^ 6 D : |0 - 0ol < |/|, 1 - 2|/| < r < 1}. 

Now rS(I) c S'(I) for all r e]l - d, 1[, when 6 is small enough. Also, it 
holds that 

co(SV)) ^ ^ 

0J(S(I)) 

for all 7 c T by the doubling property. Thus by the change of variables 
u = rz, we get 


ui(5(7))“ X(/) 


Ag\rz)\^co*{z)dA{z) 


= r \g'iu)\^a)\ulr)dA{u) 

(^(S(I)T JrS(I) 

^ (co(SV))Y 1 r , ^,2 ^ 

- /c/m ^ (u)dA(u) 

\oj(S(I))l a)(S'(I))‘^ Js>m 
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< 




\i)) js'ii) 

for all r 6] 1 - 5,1 [ and consequently 


(u)fa>*(u)dA(u) 


sup I sup r r^|g'(rz)|V(z)JA(z) 

’Mil Jsi 


r>l-(5\|/|<5 (/))“ Js(D 


Now the estimate dH) beeomes 




{z)f-ix)*{z)dA{z) 1. 


dist(^, C[;(m*))2 < sup( ^ f |/ 


( 10 ) 

Letting 5 —> 0"^ in (fTOl) . we get 


+ sup 

|/|<5 \ 


(zfaj*(z)dA(z) 




dist(g, Co(oj*)f < limsup | f lg'(z)l^co*(z)dA(z) [. 

’ U)) Jsu) 


|/H0 (I))" JS{!) 


The proof is eomplete. 


□ 


3. Norm Estimate 


Define 

( 11 ) 


/«,p(z) 


(1 - 

(1 - dz)V(u(S(a))p 


where y = /3{(i>) > 0 is the eonstant in Lemma 1.1 [fTTlI . A simple eompu- 
tation shows that sup^gp, Wfa^plU^ < 1, and fa(z) —> 0 uniformly on eompaet 
subsets of D as |a| —> 1. 


Lemma 7. Let 0<p<q<oo, s = 2(- — -] +I, - — I, cogD and 

l' '1 \p qj ’ p q 

g G C\cjo*). Then 


( 12 ) 


lim sup||rg(/„,p)|U. 

laHI 


> lim sup 


7,(,)l^'(z)Pu>*(z)JA(z)V 
aj{S ia)y 


Proof. We split the analysis into two eases. 

Case 1- Assume p = q. For this, we divide the proof of the elaim (fT^ 
into three sub-eases. 
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Sub-case 1: p > 2. We may assume that \a\ > 1/2. For z e 5(a), it is 
easy to see that fa,p(z) - m(5 (a)) p, and so 


(13) 


I 


1 


\faJ^\g'{zti0\z)dA{z)> 

S(a) Oj{S{a)) 


f 

JS(a) 


\g'(z)\^oj*(z)dA(z). 


Furthermore, by applying Fubini’s theorem. Holder’s inequality. Lemma [3] 
and (4), we obtain 


f 


\fa.png'{zfco\z)dA{z) 


(x>{u)dA{u)dA{z) 


S(a) 

< I \faj\g\z)? f 
Jnz) 

\fa,p(zn'(z)\^dA(z)oj(u)dA(u) 


f 

-If 

Jd Jr( 

< f N{fa,p){uY-^ f 

Jd Jr( 


lfa,p(z)l^lg'(z)l^dA(z)w(u)dA(u) 


r(u) 

JV(fa,p)(uYoj(u)dA(u)j 

l|P-2 


p-2 


[If \fa, 
Jd \ Jr{u) 


iz)\\'(z)\^dA(z)\ co{u)dA{u) 


< ll/«,pll^;i|r,(/«,p)|ll. < \\TYfa,p)\\\p^. 
This last estimate, along with (fT3l) gives 


WJaA > f lg'(zfco*(z)dA(z). 

co(S (a)) Js(a) 

Sub-case 2: p = 2. The desired estimate follows from dS]) immediately. 
Sub-case 3: 0 < p < 2. Let 1 < a,{3 < oo be sueh that jSja = p/2 < 1, 
\a\ > 1/2 and let a' and p' be the eonjugate indexes of a and j3 respeetively. 
It follows from Fubini’s theorem , Holder’s inequality, and dH) that 


-— 2 f lg'(z)l^oj*(z)dA(z) 

co(S(a))p ds(a) 

- f \g'{z)?'\fa,pi.z)\^io*{z)dA{z) 

JS(a) 


f ( r \g{z)?\fa,p{z)\^dA{z^ co{u)dA{u) 

Jd \Js{a)nr(u) ! 


(14) 


< 



lT(u) 


\g{z)\^\fa,p{z)?dA{z) 1 coiu)dA(u) 
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, tL. 

\g'{z)?\fa,p{z)\^dA{z)\ (o(u)dAiu) 


’Y{u)r\S (a) 


^\\Tg(fa,p)KMSia))-l^\\Sg(xs(a) 


for \a\ > 1/2, where 
SM)(u) 


/ 

Jnu) 


\i//(z)\\'(z)\^dA(z), M e D \ {0}, 


for any bounded function if/ on D. From 1 < /3 < cr, we obtain f; > 1 with 
the conjugate exponent > 1. Thereby 


(15) l|5'g(;rs(«))ll = sup 

LS, ll/ll Bia-l) <1 


( fiu)S g(xs{a))iu)co(u)dA(u) 

Jd 


Combining Fubini’s theorem, Holder’s inequality, and Lemma [H we con¬ 
clude that 


I fiu)S g(xsia))iu)aj(u)dA(u) 

Jd 

< r \m\ f 

Jd Jr( 

= f r 

Js(a) Jti 

f 

JSi 


\g'(z)\^dA(z)co(u)dA(u) 


Jr(u)ns(a) 


\f(u)\oj(u)dA(u)dA(z) 


< 


< 


MM){z)\g{z)?oj\z)dA{z) 


f l/( 

Js(a) 

~ if 

\Js(a) 


(z)j^oj*(z)dA(z) 


riL 


le' 


MM)(z)^^' \g'izfa/*(z)dAiz) 


{z)\^of{z)dA{z) I I sup 


beD 0^(S (b)) j 


1-ir 


where d/Uaiz) = Xs(a)(z)\g'{z)?co*(z)dA{z). The last estimate, along with ([H]) 
and (fTSl) gives 

fs(a) lg'(z)l^a>*(z)dA(z) P 

— -^- < \\Tsifa,pXp 

co{S(a))p 




(£(.) \g'{z)\^co\z)dA{z)f / 

a»(5 (a)) P ^ \&£D oj{S{b))} 
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SO that 


fs(a) lg'(z)l^aj*(z)dA(z)Y 


a)(S (a)) 

\ / 

from which we obtain 

fsM lg'(z)l^<^*(z)dA(z) 


~ ll^g(ya,p)ILp I rcruw I 


^urrrr MiP (da{S {b))\ 

rcr ~ l|7^g(/a,p)ILp I sup I 

oj(S(a)) ^-\fe€D oj{S{b))l 


l-£ 
^ 2 


( 16 ) = lir,(Ap)|i;, 

It is easy to see that 


b:S(b)cS{a) OjiS (b)) ) 


H^{S{b)) Y \g'{z)?oj*{z)dA{z) 

hm sup sup - - — = hm sup sup 


|aHl b\S(b)QS{a) CO(S (b)) |q|^i b:S{b)cS{a) 

fs(a) lg'(z)l^<^*(z)dA(z) 

= lim sup-. 

laHi a>(S(a)) 

The last equality and (fT^ yield 


co{Sm 


lim sup 

l«Hi 


fs(a) ig'(z)j^OJ*(z)dA(z) 


a>(S (a)) 


(17) = lim sup 

IflHi 


lg'(z)P"*(z¥A(z) 

Zxs(7)) 


/^(,)lg'(z)Pw(z)rfA(z)'| 
^^Pb:S(b)cS(a) ^(S(a)) ) 


1-^ 
^ 2 


< limsuplirg(^p) 

IflHi 


Therefore 


limsup||rg(^p)IUp > lim sup 

kl—>1 


fs(a) ig'(z)i^(^*(z)dA(z) 


1 

\2 


a>(S (a)) 


Case 2- Assume p < q. 
For all h e Af,, we have 




>-f 


lh(z)l^aj(z)dA(z) > Mj^(r, h) I oj(s)ds, r>^, 


D\D(0,r) 


r 


where Mp(r, h) = \2- lh(re‘'^)l^ddj . Then 


\i/p 






£ oj(s)ds 


1 

^ “ 2‘ 


5^ -a 
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By Cauchy’s integral formula, we get two well-known estimates as Mco(r, /') < 
M^(p,f)l{l - r) and M^rJ) < M,(p,/)(1 - = (1 + r)/2. Then 


\g{a)\ - of{a)p\{Tgfa,p)'{a)\ < of {a)” 


M T f ) 

2 ^ ^ gJa,p j 


< (j)*{a)p 


M T f ] 


(l-M)'"5 


< co*{a)p ■ 


1 - \a\ 
\\Tgfa,p\\Al, 


(1 - \a\f*p io{s)ds 


aj*(ayp ^lITg^plUg, 

1 - \a\ 


^1 ^1 

The last inequality is duetom*(a) - (l-|a|) (i>(s)ds < (l-|a|) Js+w a){s)ds, 
for |a| > J. Thus 

\\Tgfa,p\\Al - \g'{a)\oj*{ay~p(l - \a\), \a\ > ^ 


and so Lemma |4] yields (fT^ . 


□ 


Proof of TheoremU} Clearly, ^ B and - C follow by the 

proof of Lemma 5.3 and Proposition 4.7 in IfTTl . respeetively. The proof of 
Lemma |7] also deduees that SUP^SD WTgfaJUl ^ So WTgW^P^^Al ^ 

It remains to prove < ||glk„,^. 

Notiee 


(18) 



sup \\Tgif)\\l,. 

II/IUp<i 


Two oases have to be analyzed. 

Case i-Assume q > 2. Applying ([3]) and Holder’s inequality, forq>2 
we get 

WTgfWl. - r |r,/(z)|‘?-2|/(z)l'k'(z)Pu;*(z)^(A(z) 

Jd 

/ r 2?-2p+p? \ 2«-2p+;)9 

< U lTgf(z)l^^lg'(zfco*(z)dA(z) 

2q 

I r 2q-2p+pq , Yq-2p+pq 

■Ij \fiz)\ \g iz)\ aj*(z)dA(z)\ 


whenoe 
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where 


( 20 ) 


« Iq-lp+pq _ 

*-* = i \Tgf{z)\ " \g'{z)?co*{z)dA{z)-, 

« 2q-2p+pq _ 

= X) ” \g'iz)?-co\z)dA{z) 


Notieing that (fT9l) is also true for q = 2. We have to eontrol U and V from 
above. To do so, set dp(z) = \g'iz)?'of{z)dA{z). The assumption g e C“(m*) 
and Theoreml^yield the boundedness of Tg ■. A^ ^ Al. Moreover, Lemma 
[Hand the faet that a = 2^2-fj + l = jq = jp ensure 

dp is a -Carleson measure for Af, and also a -Carleson mea¬ 

sure for Af,. Consequently, the inequality @ is applied to deduce that 


( 21 ) 

and 


U < sup 


KS{I)) 


/CT (^{S {I)Y 


WTgfW] 


2q-2p+pq 


( 22 ) 


V < 


i ^i{S{I)) \ 


2q-2p+pq 



A combination of ([T9l) . (|2T]) and (l22l) gives when n —> oo that 


l|7’,/ll% ^ sup 


KSiD) 1 j 2q-2p+pq 


/CT CO(S (/))“ 


/At7-2) 


KSiD) 2q-2p+pq 


sup 


sup 

/CT iO{S{I)y 

p{SiI)) 


/CT m(S (/))" 


\\Tgf\C 


l|7’,/H 


q-2 


2 

A’’ 


2 

A^‘ 


It follows that 

\\Tg\\A^.^Al= sup ||r,/|U. < [sup. 

II/IUp<i \/ct <^(o(r)) / 

Case 2-Assume 0 < p < q < 2. From the equation (jH), Holder’s inequal¬ 
ity, Fubini’s theorem and Lemma[3]it follows that 

^ f( f \m\\'iz)?dAiz^\{u)dA{u) 

^ Jd \ Jr(M) / 

q 

< f N(fXu)'^( f \f{zf-T^^\g'{z)?dA{z^\{u)dA{u) 

Jd \Jr(«) / 

2-q 

< [J^ A(/)(M)Pm(M)JA(M)j ' 
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ff 

Jo Jr(u) 


\f{z)\^ '^^^\g{z)?dA{z)co{u)dA{u) 1 


= \mf)\\] 




f 


lf(z)M*ng'(z)lMT(z))dA(z)j 


£ 

2 



where V is defined in (I2U1) . Now (1221) ensures that 


WTsK ^ 


p(2-q) 


sup- 

/CT U>(5(/))“ 


P(S(I)) 

/CT O^iS (/))“ 



2g-2p+pg \ 2 



Consequently we get that 


sup 

/ILp<i 


WTJl 


< 


P(S(I)) 
sup- 

/CT ^^(5(/))“ 


and then 


\\T, 


SWAi 


< llgll* 


The proof is eomplete. 


□ 


4. Essential Norm and Weak Compactness 


Proof of Theorem^ Lemma 5.3 in ffTTI and Lemma|4]show that B ^ C and 
B ^ D. A ^ B follows by Lemma[^ 

To prove WTgWg^p^j^-i < A, observe that for any h e C^io)*), by Theorem 

m 

WTgWgj^t^^Al < \\Tg - ThW^P^^Al = ^ II,? - ^llc“(i,;*), 

whence, taking infimum over h, we obtain \\T< A. 

Next, we turn to establishing 


(23) 


\\f 


glleAl: 


>B = 


lim sup 

l/HO 


fs(n lg'(z)l^co*(z)dA(z) 


xl/2 


oj(s(i)r 


Given a subarc 7 of T, consider fa^p defined in (fTTI) . where a = (1 - |/|)^ and 
^ is the center point of I. Then S (a) = S (7). For the moment fix a compact 
operator K : A^ ^ Al,. Then 
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and so we find that 


\\T,-K\\>\imsnp\\{T,-K)f,JU.^ 

l«Hi 

> limsupdirg^plU. - WKfajyj 

\a\^l 

> linisup||rg/„_piu.. 

laHl 

Upon taking the infimum of both sides of this inequality over all eompact 
operators K : ^ A^j, it follows from Lemma |7] that 


(24) ^ lim sup \\TgfaJ\Ai ^ 

l«Hi 


The proof is eomplete. 


□ 


Next, we eonsider the weak essential norm of Tg on Reeall that 
the notion of weak eompactness of an operator is non-trivial only on non¬ 
reflexive spaees. The non-reflexivity of ean be shown e.g. by eonstruet- 
ing an isomorphic copy of the sequence space inside A^. For this one 
uses suitable normalized functions so that the closed subspace spanned by 
these functions is isomorphic to . One may use e.g. functions 

fn,y{z) = p^, zeB, 

\\Sn,y\\Al 

where e (0,1), ^ 1 sufficiently fast, gr^,y{z) = ^nd y > 0. The 

functions fr,^^y have the properties 

(i) iD\D(\,e)\fn,y\^dA ^ 0, as k ^ oo for all e > 0; 
lonDdS) lfn,yi^dA ^ 0, as d ^ 0 for all k = 1,2,.... 

The condition (i) follows from the doubling property of co and the choice 
for the parameter y to be large enough. The condition (ii) is evident. These 
properties and the fact that > 1 sufficiently fast ensure that the map 

00 

k=\ 


is an isomorphism onto its image. 

In order to deal with the weak essential norm of Tg on A^ we utilize the 
classical Dunford-Pettis criterion (see e.g. m Theorem 5.2.9]), which states 
that a bounded set S c Lj^, (where the measure yu is a probability measure) 
is relatively compact in the weak topology of if and only if it is equi- 
integrable, i.e., 

lim sup I I f\du = 0. 

feS Ja 

The application of this criterion in our setting is based on the next lemma. 
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Lemma 8. Let (o £ D. Suppose g 6 C'^{(jf). For all non-zero a e D, let 
J{a) = {re'^ : \6 - arga| < (1 - 1 - |a| < r < 1} and 


fa(z) = fa,l(z) = 


(1 - 

(i-dzy^^oj(s(a)y 


where y is large enough so that 


lim —j- 

l^co{s)ds 


= 0 . 


Then 


lim r \TJa{z)\co{z)dA{z) = 0. 


Proof. We may assume that g(0) = 0 and 0 < a < 1 due to rotation in¬ 
variance. It is not hard to see that for all 0 < r < 1 and |6| < n, we have 
|1 - are'^\ > c\6\, where c > 0 is an absolute constant. For z 6 D \ J{a) and 
a > ^, we have 


, ^ . (1 - . (1 - (1 - (1 - 

fniZn < - < - — - = -. 

\0f'^^a)(S(a)) a)(S(a)) (I - a) t a)(s)ds C a>(s)ds 


Proposition 5.1 in IfTTl and g e C'(m*) imply that g e A^. Therefore, by 
using equation (jH) twice we obtain 


/ 


\T,Uz)\co{z)dA{z) 


D\/(a) 



\fa{z)\\'{z)?dA{z^ co{u)dA{u) 


D \Dr(«)\7(a) 




Sl^0){s)ds 


which tends to 0 as |a| ^ 1. The proof is complete. 


□ 


Proof of Theorem\^ Since compact operators are also weakly compact, we 
have 


\\f 


gWwAL^Al 


<\\f 




< lim sup 

|/H0 


Is (I) \g\z)?-co*{z)dA{z) 


. 1/2 


c^{S{I)) 
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To verify the lower estimate for suppose that IT: is 

any weakly eompaet operator. Assume that 7(a) and fa satisfy the eondi- 
tions from Lemma [H As ||/qIU^ - 1, we have 


\\Tg - ITII > ||(r, - W)fa\\Ai = r \TJa{z) - Wfa{.z)\co{z)dA{z) 

Jd 

(25) > r \Tgfa{z)-Wfa{z)\oj{z)dA{z) 

Jj(a) 

> f lTgfa(z)lco(z)dA(z)- f lWfa(z)loj(z)dA(z). 

J J(d) d J(a) 

Now by Lemma [8] 


lim r \Tgfa{z)\co{z)dA{z) = 0, 

JD\y(a) 


and therefore 


(26) 


\a\- 


mp r 

>1 Jj{a) 


lim sup \Tgfa{z)\co{z)dA{z) = limsup\\Tgf 


laHl 


gJaUAl,- 


Sinee the set {Wfa : a e D} is relatively weakly eompaet in A^ and henee 
equi-integrable in it holds that 


(27) 


lim r 

Jj{a) 


\Wfa(z)\co(z)dA{z) = 0 


by the Dunford-Pettis eriterion. Now taking limsup|^|_^j in (1251) we have 

l|r,-iT||>iimsup||r,/JU, 

kHl 

by (|2^ and (1271) . Henee by taking infimum over all weakly eompaet opera¬ 
tors VL: A^ ^ A^ we get 


\\f 




l«Hi 


Finally, it follows from Lemma |7] that 


limsup||r„/JLi > lim sup 


laHl 


I/HO 


fsa) \g'{z)?io*{z)dA{z) 


1/2 




The last inequality, along with Lemma [^eompletes the proof. 


□ 
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